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Introduction

Norman Levine introduced generalized closed
sets in 1970. After him various Auth8r¥ 2> studied
different versions of generalized sets and related
topological properties. Recently V.K. Sharma and th
author of the present paper defined separatiomaxior
g-open; gs-open; sg-open; rg-open sets and stioédd
basic properties.. Throughout the paper a spacexns
a topological space (¥, For any subset A of X its
complement, interior, closure, spg-interior, spgscire
are denoted respectively by the symbofs A°, cl(A),
spg-int(A) and spg-cl(A).

Definition 1.1: A 0 X is called

(i) regularly open if A = int(cl(A)) and regulgrclosed

if A = cl(int(A)).

(i) semi-open if there exists an open set U et U

Al cl(U).

(i) generalized closed[resp: regular generalized;
generalized regular]{briefly: g-closed; rg-closegdg-
closed}if cl{A} 00U whenever AU and U is open[resp:
regular open, open] and generalized[resp: regular
generalized; generalized regular] open if its canmnt

is generalized[resp: regular generalized; genedliz
regular] closed.

Note 1: The class of regular open sets, open sets, g-open
sets and spg-open sets are denoted by R@(X),

GO(X) and SPGO(X) respectively. Clearly

RO(X)Ot(X) DGO(X)OPGO(X).

Note 2: For AOX, AOPGO(X, x) means A is a
generalized regular-open neighborhood of X comntaini
X.

Definition 1.3: AOX is called clopen[resp: nearly-
clopen; semi-clopen; g-clopen; spg-clopen] if ithisth
open[resp: regular-open; semi-open; g-open; spgjope
and closed[resp: regular-closed; semi-closed; gsed;
spg-closed]

Definition 1.4: A functionf: X - Y is said to be

@ Continuous [resp: nearly continuous, semi-
continuous] if inverse image of open set is opesgre
regular-open, semi-open]

(i) g-continuous [resp: spg-continuous] if invelisnage

of closed set is g-closed [resp: spg-closed]

(iii) irresolute [resp: nearly irresolute, spg-sodute] if
inverse image of semi-open [resp: regular-open,- spg
open] set is semi-open [resp: regular-open, spgjope

(iv) g-irresolute [resp: spg-irresolute; sg-irrkae] if
inverse image of g-closed [resp: spg-closed, sgeclp
set is g-closed [resp: spg-closed; sg-closed]

(v) open [resp: nearly open, semi-open] if thegm of
open set is open [resp: regular-open, semi-open]

(vi) g-open [resp: spg-open] if the image of ofsen is
g-open [resp: spg-open]

(vii) homeomorphism [resp: nearly homeomorphism,
semi-homeomorphism] ffis bijective, continuous [resp:
nearly-continuous, semi-continuous] and f * is
continuous[resp: nearly-continuous, semi-continjious
(viii) rc-chomeomorphism [resp: sc-homeomorphismy if
is bijective r-irresolute [resp: irresolute] ard is r-
irresolute [resp: irresolute]

(ix) g-homeomorphism [resp: spg-homeomorphism] if
is bijective g-continuous [resp: spg-continuousy arf *

is g-continuous [resp: spg-continuous]

(x) gc-homeomorphism [resp: spgc-homeomorphigm] i
f is bijective g-irresolute [resp: spg-irresolutea f * is
g-irresolute[resp: spg-irresolute]
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Definition 1.5: X is said to be

(i) compact [resp: nearly compact, semi-compget,
compact, spg-compact] if every open[resp: regufser
semi-open, g-open, spg-open] cover has a finite sub
cover.

(iiy Tolresp: rTy, STy, Q] space if for each ¥ yOX 0O
udt(X)[resp: RO(X); SO(X); GO(X)] containing either
Xory.

(iii) T [resp: rT, STy, gi] space if for each % yOX OU,
VOtr(X)[resp: RO(X); SO(X); GO(X)] such that3J-V
and y1Vv - U.

(iv) T,[resp: rT,, sT,, ] space if for each ¥ y[IX OU,
VOtr(X)[resp: RO(X); SO(X); GO(X)] such thatU;
yOV and UnV = @.

(V) Typ[resp: Ty, pTy if every generalized [resp:
regular generalized, pre-generalized] closed seloised
[resp: regular-closed, pre-closed]

Spg-Continuity and Product Spaces

Theorem 2.1: Let Y and {X;:all I} be Topological
Spaces. Leff: Y- MX, be a function. Iff is spg-
continuous, themye f: Y - X, is spg-continuous.
Proof: Supposé is spg-continuous. Sinag: MXg - Xq
is continuous for each I, it follows thatTef is spg-
continuous.

Converse of the above theorem is not true in génera

Theorem 2.2: If Y is Ty, and {X,:al I} be Topological
Spaces. Lef: Y- X, be a function, theri is spg-
continuous iffie f: Y —» X, is spg-continuous.

Corollary 2.3: Letfy: Xq— Y, be a function and let
MXq— MYy be defined by (Xo)ao = Fo (Xa))am- If T is
spg-continuous then eathis spg-continuous.

Corollary 2.4: For eacha, let X, be rTy, and letf,:
Xq— Y4 be a function and ldt MX, - MY, be defined
by f(Xa)arn = (o (Xa))ao, thenf is spg-continuous iff each
f, is spg-continuous.

Spg; Spacesi =0, 1,2

Definition 3.1: X is said to be

(i) a spg space if for each pair of distinct points x, y of
X, there exists a spg-open set G containing eitfiehe
point x or y.

(ii) a spg space if for each pair of distinct points X, y of
X there exists a spg-open set G containing x btityno
and a spg-open set H containing y but not x.

(iia spg space if for each pair of distinct points x, y of
X there exists disjoint spg-open sets G and H siahG
containing x but not y and H containing y but not x
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Note2: X is spg —» Xis spg - X is spg.

Example3.1: Let X ={a, b, c} and

() t={o {a, c}, X} then X is spgbut not rand T, i =
0,12

(i) T={q {a}, {a, c}, X} then X is not spgfori =0, 1,
2.

Remark 3.1: If X is pTy, then pT and spgare one and
the same for i =0,1,2.

Theorem 3.1

(i) Every [resp: regular open] open subspace of; spg
space is spdori=0, 1, 2.

(iiThe product of spgspaces is again sggri =0, 1, 2.

(iiif) spg-continuous image of; Bpaces is spfpri =0, 1,

2.

(iv) spg-continuous image of fEpaces is spdor i = 0,
1,2

Theorem 3.2:

() X is spg iff O xO X, OUDO SPGO(X) containing X
such that the subspace U is gpg

(iX is spg iff distinct points of X have disjoint spg-
closures.

Theorem 3.3: The following are equivalent:

(i) Xis spg.

(ii) Each one point set is spg-closed.

(iiEach subset of X is the intersection of allgsppen
sets containing it.

(iv) For any XJ X, the intersection of all spg-open sets
containing the point is the set {x}.

Theorem 3.4: If X is spg then distinct points of X have
disjoint spg-closures.

Theorem 3.5: Suppose X is a spg-limit point of a subset
of A of a spg space X. Then every neighborhood of x
contains infinitely many distinct points of A.

Theorem 3.6: X is spg iff the intersection of all spg-
closed, spg-neighborhoods of each point of the esfigc
reduced to that point.
Proof: Let X be spgand XJX, then for each ¥ x in X,
O U, VOSPGO(X) such thatxU, yaV and UnV = .
Since XJU-V, hence X-V is a spg-closed, spg-
neighborhood of x to which y does not belong.
Consequently, the intersection of all spg-closgu-s
neighborhoods of x is reduced to {x}.

Conversely let ¥ x in X, then by hypothesis there
exists a spg-closed, spg-neighborhood U of x sheh t
yOU. Now O GOSPGO(X) such that XGOU. Thus G
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and X-U are disjoint spg-open sets containing x gnd
respectively. Hence X is spg

Theorem 3.7: If to each point KIX, there exist a spg-
closed, spg-open subset of X containing x whichise a
spo subspace of X, then X is spg

Proof: Let X(OX, U a spg-closed, spg-open subset of X
containing x and which is also a spmbspace of X, then
the intersection of all spg-closed, spg-neighbodsoaf x

in U is reduced to {x}. U being spg-closed, spg-ope
these are spg-closed, spg-neighborhoods of x ifhds
the intersection of all spg-closed, spg-neighbodsoaf x

is reduced to {x}. Hence by Theorem 3.6, X is spg

Theorem 3.8: If X is spg then the diagonal\ in XxX is
spg-closed.

Proof: Let (x, yYIXxX-A, then x# y. Since X is spgQ]
U; VOSPGO(X) such thatXU; yOOV and UnV = @.
UnV = ¢ implies (KV)nA = ¢ and therefore
(UxV)OXxX-A. Further (x, yP(UxV) and (UxV) is spg-
open in X X gives Xx X-A is spg-open. Henck is spg-
closed.

Theorem 3.9: In spg-space, spg-limits of sequences, if
exists, are unique.

Theorem 3.10: In a spg space, a point and disjoint spg-
compact subspace can be separated by disjoint @py-o
sets.

Proof: Let X be a spgspace, KX and C a spg-compact
subspace of X not containing x. Léil@ then for x¢y

in X, there exist disjoint spg-open neighborhoodsa&d
Hy. Allowing this for each y in C, we obtain a clgsk}
whose union covers C; and since C is spg-compagtes
finite subclass {H i = 1 to n} covers C. If Gis spg-
neighborhood of x corresponding tg, e put G ={J;;.
»Gi and H =n;-; H;, satisfying the required properties.

Corollary 3.1:

() Ina T [resp: rT; gi] space, each singleton set is spg-
closed.

(ii) If X is T4 [resp: rT;; gi] then distinct points of X have
disjoint spg-closures.

(iii)If X is T , [resp: r'; @] then the diagonadhin XxX is
spg-closed.

(iv) Show that in a T[resp: rT,; g,] space, a point and
disjoint compact[resp: nearly-compact; g-compact]
subspace can be separated by disjoint spg-open sets

Theorem 3.11: Every spg-compact subspace of a,spg
space is spg-closed.

Proof: Let C be spg-compact subspace of g space. If

x be any point in & by above Theorem x has a spg-
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neighborhood G such thafixG O C°. This shows that T
is the union of spg-open sets and therefofeisCspg-
open. Thus C is spg-closed.

Corollary 3.2: Every compact [resp: nearly-compact; g-
compact] subspace of & Tresp: rT; ] space is spg-
closed.

Theorem 3.12: If f: X~ Y is injective, spg-irresolute
and Y is spgthen X is spgi =0, 1, 2.

Proof: Let x# yX, thenJ a spg-open set XY such
that f(x)IV, and f(y)UV, and O a spg-open set M Y
such thatf(y)OV, andf(x)0V, with f(x) # f(y). By spg-
irresoluteness df f (V,) is spg-open in X such thaflk
(v,); yOf (V,) andf (V,) is spg-open in X such that
yOf "%(V,); xOf (V). Hence X is spg

Similarly one can prove the remaining part of the
Theorem.

Corollary 3.3:

(i) If f: X- Y is injective, spg-continuous and Y is T
then X isspgi=0,1, 2.

(i) If f: X Y is injective, r-irresolute[r-continuous] and
Y is rT; then X is spgi=0, 1, 2.

(iiThe property of being a space is gpi a sSpg-
Topological property.

(iv) Let f: X - Y is a spgc-homeomorphism, then X is
spgif Yisspg, i=0,1, 2.

Theorem 3.13: Let X be T, andf: X - Y be spg-closed
surjection. Then X is spg

Theorem 3.14: Every spg-irresolute map from a spg-
compact space into a spgpace is spg-closed.

Proof: If f: X - Y is spg-irresolute where X is spg-
compact and Y is spglLet CX be closed, then @X is
spg-closed and hence C is spg-compact anf{Gpis
spg-compact. But thefC) is spg-closed in Y. Hence the
image of any spg-closed set in X is spg-closedrsat
Thusf is spg-closed.

Theorem 3.15: Any spg-irresolute bijection from a spg-
compact space onto a spgspace is a spgc-
homeomorphism.

Proof: Letf: X - Y be a spg-irresolute bijection from a
spg-compact space onto a s@pace. Let G be a spg-
open subset of X. Then X-G is spg-closed and h&ice
G) is spg-closed. Sinckis bijective f(X-G) = Y-f(G).
Thereforef(G) is spg-open in Y. This means tlidd spg-
open. Hencd is bijective spg-irresolute and spg-open.
Thusf is spgc-homeomorphism.
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Corollary 3.4: Any spg-continuous bijection from a spg-
compact space onto a spgspace is a spg-
homeomorphism.

Theorem 3.16: The following are equivalent:

(i) Xis spg.

(ii) For each pair % y[1 X Oa spg-open, spg-closed set
V such that XIV and y1V, and

(ii)For each pair ¥ y[1 X 0Of: X - [0, 1] such thaf(x)

= 0 andf(y) = 1 andf is spg-continuous.

Theorem 3.17: If f: X~ Y is spg-irresolute and Y is
spa then

(i) the set A = {(, xp): f(X1) =f(x)} is spg-closed in X
X

(i)G(f), Spgaph of, is spg-closed in XY.

Proof: (i) Let A = {(X1, X2): f(x1) = f(x)}. If (X4,
Xo)OXxX-A, then f(x;) # f(x;) = O disjoint V; and
V,OSPGO(Y) such thatf(x;)OV; andf(x;)0V,, then by
spg-irresoluteness df f'l(Vj)DSPGO(X, ¥ for each j.
Thus (%, Xo)Of{(V)xf{(V,)OSPGO(XX). Thereforef
YV xFV)OXxX-A = XxX-A is spg-open. Hence A
is spg-closed.

(i) Let (x, y)OG(f) = vy # f(x) = Odisjoint spg-open sets
V and W such thatf(x)OV and yIW. Sincef is spg-
irresolute, 1 UOSPGO(X) such thatXU and f(U)OW.
Therefore we obtain (x, WUxVOXxY, where
UxVOXxY-G(f). Hence XY-G(f) is spg-open. Hence
G(f) is spg-closed in XY.

Theorem 3.18: If f: X - Y is spg-open and A = {{xXXo):
f(x1) =f(x2)} is closed in XX. Then Y is spg

Theorem 3.19: Let Y and {X,:al] I} be Topological
Spaces. If: Y - N X, be a spg-continuous function and
Y is rTy, thenl X, and each Xare spgi=0,1,2.

Problem: If Y be a spg space and A be regular-open
subspace of X. If: (A, 1a) — (Y,0) is spg-irresolute. Is
there exists any extensién(X, 1) - (Y, 0).

Theorem 3.20: Let X be an arbitrary space, R an
equivalence relation in X ang: X - X/R the
identification map. If Rl Xx X is spg-closed in X X
andp is spg-open map, then X/R is spg

Proof: Let p(X), p(y) be distinct members of X/R. Since
x and y are not related,[RXx X is spg-closed in X X.
There are spg-open sets U and V such thatx y(l V
and W VO R° Thus {p(U), p(V)} are disjoint and also
spg-open in X/R sincp is spg-open.
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Theorem 3.21: The following four properties are
equivalent:

(i) Xisspg

(ii) Let xO X. For each y# x, DUO SPGO(X) such that
xOd U and y1 spgcl(U)

(iiFor each X1 X, n{spgcl(U)/UD SPGO(X) and X
U} = {x}.

(iv) The diagonalA = {(x, X)/x0OX} is spg-closed in %
X.

Proof: (i) = (ii) Let xO X and y # x. Then there are
disjoint spg-open sets U and V such thatl and y1V.
Clearly V ¢ is spg-closed, spgcl(Up V¢, yOVv® and
therefore ¥ spgcl(U).

(i) = (iii) If y # x, thend UOSPGO(X) s.t. XIU and
yOspgcl(V). So #n{spgcl(U)/UOSPGO(X) and KIU}.
(iii) = (iv) We proveA® is spg-open. Let (x, YJJA. Then
y # x and n{spgcl(U)/UOSPGO(X) and KU} = {x}
there is some USPGO(X) with XIU and y1 spgcl(V).
Since W (spgcl(U)f = @, Ux(spgcl(U)f is a spg-open
set such that (x, PYUx(spgcl(U)FOA".

(iv) = (i) y # x, then (x, yPJA and thus there exist spg-
open sets U and V such that (x(¥JxV and (&V)nA

= @. Clearly, for the spg-open sets U and V we have;
xdOu, yaIV and UnV = @.

Spggs and Spgg, spaces
Definition 4.1: X is said to be

(i) a spg space if for every spg-closed sets F and a point
xOF Odisjoint U, VIPO(X)such that B U; xd V

(ii) a spgg space if for every spg-closed sets F anidFx
Odisjoint U, VOSPGO(X)such that [BU; x(OV

(iia spg, space if for each pair of disjoint spg-closed
sets F and Hldisjoint U, VOPO(X) s.t. F1U; HOV

(iv) a spgg space if for each pair of disjoint spg-closed
sets F and Hldisjoint U, VUSPGO(X) s.t. EU; HOV

Note: rT; —» spg — spgg, i = 3, 4. but the converse is
not true in general.

Example4.1: Let X ={a, b, c} and

() t={qg, {a}, {b, c}, X} then X is spgg.

(i) T = {@ {a}, X} then X is not spgg spg and rT for i
=3, 4.

Lemma 4.1: X is spg-regular iff X is nearly-regular and
My

Proof: X is spg-regular, then obviously X is nearly-
regular. Let AIX be spg-closed. For eaclila O V,O
SPGO(X, x) such that VWA = @. If V = O{V xO A},
then V is spg-open and V = X-A. Hence A is spg-etbs
implies X is rTy,.
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Theorem 4.1: If X is spg Then for each XX and each
UOSPGO(X, x)da spg-neighborhood V of x such that
spgcl(AJU.

Proof: Let XX and U a spg-neighborhood of x. Let B =
X - U, then B is spg-closed and by spg-regularit)Xp
disjoint V, WOSPGO(X) such thatXV and BJW. Then
spgcl(V)nB = o= spgcl(VIX - B.

Theorem 4.2: The following are equivalent:

(i) Xis spg.

(ii) For every point XIX and for every GISPGO(X, X),
OUOSPGO(X) such thatUO spgcl(U)O G.

(iif)For every spg-closed set F, the intersectibmlospg-
closed spg-neighborhoods of F is exactly F.

(iv) For every set A and BSPGO(X) such that AB #
@, OGOSPGO(X)such that AG # ¢ and spgcl(Q)B.
(v) For every Az @ and BISPGC(X) with A0B =@, O
disjoint G; HISPGO(X) such that BG and B1H.

Theorem 4.3: If X is spgg. Then for each®X and each
UOSPGO(X, x), O VOSPGO(X, x) such that
spgcl(AJU.

Proof: Let xO X and U a spg-neighborhood of x. Let B =
X - U, then B is spg-closed and by spgg-regulamity,

O disjoint V, WOSPGO(X) such thatXV and BOW.
Then spgcl(VhB = @ = spgcl(VIIX - B.

Corollary 4.1: If X is T3 [resp: rTs; gs]. Then for each
xd X and each spg-open neighborhood U of x there
exists a spg-open neighborhood V of x such that

spgcl(AJU.

Theorem 4.4: If f: X Y is spg-closed, spg-irresolute
bijection. Then X is spggff Y is spgg

Proof: Let F be closed set in X andlk, thenf(x)Of(F)
and f(F) is spg-closed in Y. By spgof Y, OV; WO
SPGO(y) such thdtX) OV andf(F)OW. Hence Xif (V)
and FJf “Y(W), wheref (V) andf (W) are disjoint spg-
open sets in X (by spg-irresolutenessflofHence X is

Spgg.
Conversely, X be spggnd K any spg-closed in

Y with yOK, thenf (K) is spg-closed in X such th&t
Yy) O f {(K). By spgg of X, Odisjoint V, WOSPGO(X)
such thatf *(y)OV and f *(K)OW. Hence ¥ f(V) and
KO f(W) such thatf(V) and f(W) are disjoint spg-open
setsin X. Thus Y is spgg

Theorem 4.5: X is spg-normal iff for every spg-closed
set F and a spg-open set G containing A, therdseais
spg-open set V such thaflA/O spgcl(V)O G
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Theorem 4.6: X is spg-normal iff for every pair of
disjoint spg-closed sets A and B, there exist disjspg-
open sets U and V such thafld and B1V.

Proof: Necessity: Follows from the fact that every spg-
open set is spg-open.

Sufficiency: Let A, B be are disjoint spg-closed
sets and U, V are disjoint spg-open sets suchAhad
and B1V. Since U and V are spg-open set$JlA and
BOV = Alspg(UY and Blspg(Vf. Hence spg(Y)and
spg(VY are disjoint spg-open sets satisfying the axiom of
spg-normality.

Theorem 4.7: The following are equivalent:

(i) Xis spg-normal

(i) For any pair of disjoint closed sets A and B,
disjoint U; VOOSPGO(X) such that B U and B1V

(iif)For every closed set A and an open B contajmg [
UOSPGO(X) such that & U0 spgcl(U)0 B

(iv) For every closed set A and a spg-open B cagi
A, OUOSPGO(X) such that B U spgcl(U)O (B)°

(v) For every spg-closed set A and every open B
containing A, [0 UOSPGO(X) such that
Alspgcl(AJUOspgcl(U)O B.

Theorem 4.8: The following are equivalent:

(i) Xis spg-normal

(i) For every AOSPGC(X) and every spg-open set
containing A, there exists a spg-clopen set V sihétt
AOvOU.

Theorem 4.9: Let X be an almost normal space and
FnA = ¢ where F is regularly closed and A is spg-
closed, therldisjoint U; VT such that BU; BOV.

Theorem 4.10: X is almost normal iff for every disjoint
sets F and A where F is regular closed and A ised¢d]
disjoint spg-open sets in X such thail; BOV.

Proof: Necessity: Follows from the fact that every open
set is spg-open.

Sufficiency: Let F, A be disjoint regular closed seand

a closed set Al disjoint spg-open sets in X such that
FOU; BOV. Hence FIU® BOV® where U and VP are
disjoint open sets. Hence X is almost regular.

Theorem 4.11: The following are equivalent:

(i) Xis almost normal.

(ii) For every regular closed set A and for evgrg-®pen
set B containing AJUT s.t. ADUOcl(U)O B.

(ii)For every spg-closed set A and for every regul
open set B containing AJUOT s.t. ADUOcl(U)O B.
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(iv) For every pair of disjoint regularly closedt & and
spg-closed set BJU; VOt s.t. cl(Uncl(V) = ¢.

Spg-R; spaces; 1 =0,1

Definition 5.1: Let xJ X. Then

(i) spg-kernel of x is defined and denoted by (gg{x}
= n{U:U 0O SPGO(X) and X U}

(iKergpgF = n{U: UL SPGO(X) and B U}

Lemma 5.1: Let AO X, then Kefpg{A} = {x O X:
spgcl{x}n A £ @}

Lemma 5.2: Let xO X. Then yI Kergyg{x} iff x O
spgcky}.

Proof: Suppose thatlyKerpg{x}. Then OVOSPGO(X)
containing x such that [OWV. Therefore we have
xOspgcl{y}. The proof of converse part can be done
similarly.

Lemma 5.3: For any points % y[1X, the following are
equivalent:

(i) Kerpg{X} # Kefgpg{y}:
# spgcKy}.

Proof: (i) = (ii): Let Kefgpg{X} # Kerspg{y}, then O
zOX such that ZKergyq{x} and zOKerg,g{y}. From
zOKergpg{x} it follows that {x} nspgcl{z} # ¢ =
xOspgcl{z}. By zZKergpg{y}, we have {y} nspgcl{z} =

¢@. Since Xspgclz}, spgc{x}Ospgcl{z} and
{y} nspgcl{x} = @. Therefore spgcl{x}# spgcKy}. Now
Kerspg{x} # Kengpg{y} = spgcl{x} # spgcky}.

(i) = (i): If spgc{x} # spgcl{y}. ThenOzOX such that
zOspgc{x} and ZlspgcKy}. Then O a spg-open set
containing z and therefore containing x but not v,
namely, Y1 Kergg{X}. Hence Kefgyq{x} %
Kerspg{y}-

(ii) spgcl{x}

Definition 5.2: X is said to be

() spg-R iff spgcl{x} 0 G whenever kI GO SPGO(X).

(i) weakly spg-R iff n spgcl{x} = .

(iii) spg-Ry iff for x,yOOX such that spgcl{x}# spgcKy}
O disjoint U; VOSPGO(X) such that spgcx}jU and
spgcl{y}0V.

Example 5.1: Let X = {a, b, c} andt = {¢, {a}, {b, c},
X} then X is spgR.

Remark 5.1:
() rR=>R=gR=spgR,i=0, 1.
(if) Every weakly-R space is weakly spgoR

Lemma 5.1: Every spgRspace is weakly spgR
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Converse of the above Theorem is not true in géhgra
the following Examples.

Example 5.2: Let X ={a, b, ¢, d} andt = {¢, {b}, {a,
b}, {b, c}, {a, b, ¢}, X}, then X is weakly spgRbut not
spgR,i=0,1.

Theorem 5.1: Every spg-regular space X is spgnd

Spg-R.

Proof: Let X be spg-regular and let x¢ y[1 X. By

Lemma 4.1, {x} is either spg-open or spg-closed{x}

is spg-open, {x} is spg-open and hence spg-clopéns
{x} and X - {x} are separating spg-open sets. Semil
argument, for {x} is spg-closed gives {x} and X x}

are separating spg-closed sets. Thus X is apd spg-

0-

Theorem 5.2: X is spg-R iff given x # yO X; spgcl{x}

# spgcHy}.

Proof: Let X be spg-Rand let let xz y(I X. Suppose U
is a spg-open set containing x but not y, thén y
spgcl{y}C X-U and so X1 spgcK{y}. Hence spgcl{x}#
spgcky}.

Conversely, let x,# yOO0 X such that spgcl{x} #
spgcl{y}= spgc{x}0 X-spgcly} = U(say) a spg-open
set in X. This is true for every spgci{x}. Thus
spgc{x}0 U where X1 spgcl{x}d U0 SPGO(X), which
in turn impliesn spgckx} U where X1 U0 SPGO(X).
Hence X is spgk

Theorem 5.3: X is weakly spgRiff Kerg,g{x} # X for

any XJX.

Proof: Let 0 X such that kg&g{Xo} = X. This means
that % is not contained in any proper spg-open subset of
X. Thus % belongs to the spg-closure of every singleton
set. Hence gdnspgcKx}, a contradiction.

Conversely assume Kgg{x} # X for any @ X. If
there is an g0 X such that ¥1n{spgcl{x}}, then every
spg-open set containing must contain every point of X.
Therefore, the unique spg-open set containinds xX.
Hence Kegyg{X o} = X, which is a contradiction. Thus X
is weakly spg-R

Theorem 5.4: The following statements are equivalent:
(i) Xis spg-R space.

(if) For each XI X, spgcl{x}0 Kergpg{X}

(iiFor any spg-closed set F and a poiri ¥, 0 UO
SPGO(X) such thatXU and FJU.

(iv) Each spg-closed set F can be expressed as &=
G is spg-open and G}
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(v) Each spg-open set G can be expressed asI(A=
A is spg-closed and [BG}.

(vi) For each spg-closed set K] ¥ implies spg-cl{xh
F=0q.

Proof: (i) = (ii) For any X1 X, we have Kggpg{x} =
n{U: UOSPGO(X) and XIU}. Since X is spg-iR each
spg-open set containing X contains spgcKx}. Hence
spgc{x}0 Kergpg{x}.

(i) = (iii) Let XOFOSPGC(X). Then for any yF;
spgcy}OF and so XspgcKy}= yOspgcl{x} that is
OU,0SPGO(X) such thatiyU, and xJU, O yOF. Let U
= O{U,: Uy is spg-open, U, and xJU,}. Then U is
spg-open such that3J and FIU.

(iii) = (iv) Let F be any spg-closed set and M{&: G
is spg-open andFG}. Then FIN - (1).

Let xO F, then by (iii)0 GOSPGO(X) such thatXG and
FOG.

Hence XIN which implies XIN = xOF. Hence NOF -
().

Therefore from (1) and (2), each spg-closed setRG:

G is spg-open and 5}

(iv) = (v) obvious.

(V) = (vi) Let XOFOSPGC(X). Then X-F = G is a spg-
open set containing Xx. Then by (v), G can be egaes
as the union of spg-closed sets A contained inn@,s®
there is an MISPGC(X) such that3MOG; and hence
spgc{x}0G which implies spgc{xh F =q.

(vi) = (i) Let xXOGOSPGO(X). Then ¥(X-G), which is
a spg-closed set. Therefore by (vi) spgckXX-G) = o,
which implies that spgcl{X}] G. Thus X is spgiRspace.

Theorem 5.5 Let f: X - Y be a spg-closed one-one
function. If X is weakly spg-R then sois Y.

Theorem 5.6: If X is weakly spg-R, then for every
space Y, X Y is weakly spg-R

Proof: n spgcl{(x,y)} On{spgc{x}x spgcl{y}} = n

[spagck{x}] x [spgcK{y}] O @x Y = @ Hence X Y is

SpoR.

Corollary 5.1:

(i) If X and Y are weakly spgiRthen X Y is weakly
SPgR.

(i) If X and Y are (weakly-)R then X Y is weakly
SPgR.

(ii)If Xand Y are spgR, then X Y is weakly spgip

(iv) If X is spgR, and Y are weakly ® then X Y is
weakly spgR.

Theorem 5.7: X is spgR iff for any x, y X, spgcKx} #
spgchy}= spgck{x}n spgcky} = @.
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Proof: Let X is spgR and x, y1X such that spgcKx}#
spgcl{y} .Then O zOspgcl{x} such that Zlspgcl{y} (or
zOspgc{y}) such that Zspgcl{x}. There exists
VOSPGO(X) such that W and Z1V; hence XlV.
Therefore, KIspgcly}. Thus »J[spgcl{y}] ‘OSPGO(X),
which implies spgc{xH[spgcl{y}]¢ and spgcl{xn
spgcl{y} = @. The proof for otherwise is similar.

Sufficiency: Let XOVOSPGO(X). We show that
spgc{x}0V. Let yOv, i.e., yaOVS. Then x# y and
xOspgcl{y}. Hence spgcl{x}# spgcKy}. But spgc{x}n
spgcl{y} = @. Hence ¥ spgcl{x}. Therefore spgclx}H
V.

Theorem 5.8: X is spgR iff for any points x, ¥IX,
Kergpg{x} # Kengpglyl = Kergpg{X} nKergpgly}t =
Q.

Proof: Suppose X is spgRThus by Lemma 5.3 for any
X, yOX if Kergpg{X} # Kerggiy} then spgcix} #
spgcy}. Assume that ZKerg,g{x} nKergpgiy}. By
zOKergpg{x} and Lemma 5.2, it follows that
xOspgcl{z}. Since XispgcKz}, spgcx} = spgci{z}.
Similarly, we have spgcl{y} = spgcl{z} = spgcl{x}This
is a contradiction. Therefore, we have Kgi{x} n
Kerspg{y} = @.

Conversely, let x, X, s.t. spgcKx} #
spgcly}, then by Lemma 5.3, Kgpg{x} # Kerspg{y}.
Hence by hypothesis Kgfgp{x} nKerspg{y} = @ which
implies spgci{x}nspgcly} = ¢ Because Zspgcl{x}
implies that xIKerspg{z} and therefore
Kerspg{Xx} nKerngpg{z} # ¢ Therefore by Theorem 5.7 X
is a spgRR space.

Theorem 5.9: The following properties are equivalent:
(i) X is a spg-R space.

(ii) For any A # @ and GISPGO(X) such that AG £ @
OFOSPGC(X)such that AF # ¢ and FIG.

Proof: (i) = (ii): Let A# @ and GISPGO(X) such that
AnG # @. There exists XAnG. Since XIGOSPGO(X),
spgc{x}0G. Set F = spgcl{x}, then BSPGC(X), FIG
and AnF £ @

(i) = (i): Let GO SPGO(X) and K G. By (2),
spgc{x}0 G. Hence X is spg-R

Theorem 5.10: The following properties are equivalent:
(i) X is a spg-R space;

(ii) xO spgcKy} iff y OspgcK{x}, for any points x and y in
X

Proof: (i) = (ii): Assume X is spgR Let xdspgcK{y}
and D be any spg-open set such thaDy Now by
hypothesis, KID. Therefore, every spg-open set which
contain y contains x. Henceélgpgcl{x}.
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(i) = (i): Let U be a spg-open set andW. If yO U,
then »Jspgcl{y} and hence Mspgcl{x}. This implies
that spgcl{x}JU. Hence X is spgiR

Theorem 5.11: The following properties are equivalent:
(i) X is a spgR space;

(if) If F is spg-closed, then F = Kgig(F);

(i) If F is spg-closed andX F, then Kegpg{x} OF;

(iv) If xO X, then Kefspg{X} Ospgcl{x}.

Proof: (i) = (ii): Let XOFOSPGC(X) = (X-
FOSPGO(X) and contains x. For X is spgR
spgcl({x)O(X-F). Thus spgcl{x})h F = ¢ and
xOKerspg(F). Hence Kegpg(F) = F.

(if) = (iii): AOB = Kergpg(A) OKerpg(B). Therefore,
by (2) Kelspg{x} O Kergpgy(F) = F.

(iii) = (iv): Since XJspgcKx} and spgcK{x} is spg-
closed, by (3) Kegpg{x} O spgcl{x}.

(iv) = (i): Let xdspgcKy}. Then by Lemma 5.2
yOKerspg{x}. Since xOspgcl{x} and spgcl{x} is spg-
closed, by (iv) we obtain Kergpg{x} Ospgcl{x}.
Therefore XIspgcKy} implies yspgcl{x}. The converse
is obvious and X is spgR

Corollary 5.2: The following properties are equivalent:
(i) X is spgR.

(ii) spgck{x} = Kerpg{x} O xO X.

Proof: Straight forward fronTheorems 5.4 and 5.11.

Recall that a filterbase F is called spg-convergena
point x in X, if for any spg-open set U of X contaig X,
there exists Bl F such that Bl U.

Lemma5.4: Let x and y be any two points in X such that
every net in X spg-converging to y spg-converges.to
Then 3 spgcKy}.

Proof: Suppose thatx=y for each AIN. Then {X}.on

is a net in spgc{({y})}. Since {%}.on Spg-converges to
y, then {x}.on Spg-converges to x and this implies that

xOspgcl{y}.

Theorem 5.12: The following statements are equivalent:
() X is a spgR space;

(i) If x, yOX, then ylspgcl{x} iff every net in X spg-
converging to y spg-converges to Xx.

Proof: (i) = (ii): Let x, yOX such that ¥spgclx}.
Suppose that {40 is a net in X such that {¥,o spg-
converges to y. Sincedgpgcl{x}, by Thm. 5.7 we have
spgcl{x} = spgcKy}. Therefore XIspgcl{y}. This means
that {X,} «o1 SPg-converges to x.

Conversely, let x, ¥ X such that every net in X spg-
converging to y spg-converges to x. Theh spg-
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c{y}[by 5.4]. By Thm. 5.7, we have spgci{x} =
spgcl{y}. Therefore yispgcl{x}.

(i) = (i): Let x, yOX such that spgcl{xh spgcl{y} # @.
Let zZOspgcKx}n spgcly}. So O a net {}qo in
spgcl{x} such that {%}.0 Spg-converges to z. Since
zOspgcl{y}, then {X.}«01 Spg-converges to y. It follows
that ydspgcl{x}. Similarly we obtain Xspgcly}.
Therefore spgc{x} = spgcKy}. Hence X is spgR

Theorem 5.13:
(i) Every subspace of spgRpace is again spgR
(iiProduct of any two spglRspaces is again spgR

Theorem 5.14: X is spgR iff given x # yO X, spgcl{x}
# spgcl{y}.

Theorem 5.15: Every spg space is spgRR

The converse is not true. However, we have the
following result.

Theorem 5.16: Every spg and spgRRspace is spg

Proof: Let x # yOOX. Since X is spg {x} and {y} are
spg-closed sets such that spgclikpgcl{y}. Since X is
spgR, there exists disjoint spg-open sets U and V such
that XJU; yOOV. Hence X is spg

Corollary 5.3: X is spg iff it is spgR and spg

Theorem 5.17: The following are equivalent

(i) Xisspg-R

(i) nspgcx} = {x}.

(iiFor any X1 X, intersection of all spg-neighborhoods
of x is {x}.

Proof: (i) = (ii) Let y # xOX such that ¥spgcKx}.
Since X is spgR OUOSPGO(X) such thatiyu, xdOU or
xdU, ydU. In either caselyspgcx}. Hencen spgcl{x}

= {x}.

(i) = (iii) If y # xOX, then xdnspgcl{y}, so there is a
spg-open set containing x but not y. Therefore gsdoot
belong to the intersection of all spg-neighborhoofix.
Hence intersection of all spg-neighborhoods of {}s

(iii) = (i) Let x# yOX. by hypothesis, y does not belong
to the intersection of all spg-neighborhoods ofrd &
does not belong to the intersection of all spg-
neighborhoods of y, which implies spgcl{¥ spgcl{y}.
Hence X is spg-R

Theorem 5.18: The following are equivalent:

(i) Xisspg-R

(ii) For each pair x, MX with spgcl{x} # spgcl{y}, O a
spg-open, spg-closed set V slii\kand y1V, and
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(ii)For each pair x, ¥X with spgc{x} # spgcl{y}, Of:

X [0, 1] st. f(x) = 0 andf(y) = 1 andf is spg-
continuous.

Proof: (i) = (ii) Let x, yOX with spgcl{x} # spgcly}, O
disjoint U; WOSPGO(X) such that spgc{xjU and
spgc{y}COW and V = spgcl(V) is spg-open and spg-
closed such thatVv and y1V.

(i) = (iii) Let x, ¥ X with spgc{x} # spgcl{y}, and let

V be spg-open and spg-closed such tha¥>and y1V.
Thenf: X - [0, 1] defined byf(z) = 0 if Z1V andf(z) = 1

if zOV satisfied the desired properties.

(iii) = (i) Let x, yO X such that spgcl{x} spgcl{y}, let

f: X - [0, 1] such thaf is spg-continuoud(x) = 0 and
fty) = 1. Then U 5 ([0, 1/2)) and V =f ((1/2, 1]) are
disjoint spg-open and spg-closed sets in X, suet th
spgcl{x} U and spgc{yfVv.

Theorem 5.19: If X is spg-R, then X is spg-R

Proof: Let xOUOSPGO(X). If U, then spgci{x} #
spgcl{y}. Hence,[Oa spg-open V such that spgcl{yy
and 2V = yOspgci{x}. Thus spgc{x}JU. Therefore X
is spg-R.

Theorem 5.20: X is spg-R iff for x, yO X, Kergpg{X} #
Kergpg{y}, O disjoint U; VOSPGO(X) such that
spgci{x}0U and spgcKy}V.

Spg-C; and spg-D; spaces, i =0,1,2

Definition 6.1: X is said to be a

(i) spg-G space if for each pair of distinct points x, y of
X there exists a spg-open set G whose closure iosnta
either of the point x or y.

(ii) spg-C space if for each pair of distinct points x, y of
X there exists a spg-open set G whose closure icamga

X but not y and a spg-open set H whose closure
containing y but not x.

(ii)spg-C, space if for each pair of distinct points x, y of
X there exists disjoint spg-open sets G and H siahG
containing x but not y and H containing y but not x

Note: spg-G = spg-G = spg-G. Converse need not
be true in general as shown by the following Exampl

Example 6.1:

(i) Let X ={a, b, c} andt = {q, {b}, {a, c}, X} then X is
spg-G,i=1, 2.

(ii) Let X = {a, b, c} andt = {@, {a}, X} then X is not
spg-G,i=0,1, 2.

Theorem 6.1:
(i) Every subspace of spg-§pace is spg-C
(ii) Every spgspaces is spg;C
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(ii)Product of spg-Cspaces are spg-C

Theorem 6.2: Let (X, 1) be any spg-Cspace and A be
any non empty subset of X then A is spgfiC(A, 1/, is
spg-G.

Theorem 6.3: (i) If X is spg-G then each singleton set is
spg-closed.

(ihin an spg-G space disjoint points of X has disjoint
spg- closures.

Definition 6.2: A0 X is called a spg-Difference(Shortly
spgD-set) set if there are two U[NSPGO(X) such that
U#XandA=U-V.

Clearly every spg-open set U different from X ispgD-
setif A=Uand V =

Definition 6.3: X is said to be a

(i) spg-by if for any pair of distinct points x and y of X
there exist a spgD-set in X containing x but natrya
spgD-set in X containing y but not x.

(ii) spg-Dy if for any pair of distinct points x and y in X
there exist a spgD-set of X containing x but nang a
spgD-set in X containing y but not x.

(ii)spg-D, if for any pair of distinct points x and y of X
there exists disjoint spgD-sets G and H in X caontaj X
and y respectively.

Example 6.2: Let X = {a, b, c} andt = {¢g, {b}, {a, c},
X} then Xis spgh, i=0, 1, 2.

Remark 6.2: (i) If X is rT;, then itis spgi =0, 1, 2 and
converse is false.

(i) If X is spg, then it is spgy;, i =1, 2.

(iii) If X is spg;, then it is spg-b, i =0, 1, 2.

(iv) If X is spg-D, then itis spg-Ry, i =1, 2.

Theorem 6.4: The following statements are true:
() X is spg-0y iff it is spg,.
(ii) X is spg-Dy iff it is spg-D».

Corollary 6.1: If X is spg-D, then it is spg
Proof: Remark 6.1(iv) and Theorem 6.2(i)

Definition 6.4: A point XOX which has X as the unique
spg-neighborhood is called spg.c.c point.

Theorem 6.5: For an spg space X the following are
equivalent:

(i) Xis spg-0y;

(ii) X has no spg.c.c point.
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Proof: (i) = (ii) Since X is spg-R then each point x of

X is contained in a spgD-set O = U - V and thubirBy
Definition U # X. This implies that x is not a spg.c.c
point.

(i) = (i) If X is sp@, then for each % yO X, at least
one of them, x (say) has a spg-neighborhood U
containing x and not y. Thus U which is differergrh X

is a spgD-set. If X has no spg.c.c point, then pas a
spg.c.c point. This means that there exists a spg-
neighborhood V of y such that ¥ X. Thus y1 (V-(U)

but not x and V-U is a spgD-set. Hence X is spg-D

Corollary 6.2: A spg space X is spg-Diff there is a
unique spg.c.c pointin X.

Proof: Only uniqueness is sufficient to prove. kand
Yo are two spg.c.c points in X then since X is s
least one of xand y say %, has a spg-neighborhood U
such that ¥ U and y[O U, hence U # X, X, is not a
spg.c.c point, a contradiction.

Remark 6.2: It is clear that an spgspace X is not spg-
D, iff there is a unique spg-c.c point in X. It isigue
because if x and y are both spg.c.c point in Xnthe
least one of them say x has a spg-neighborhood U
containing x but not y. But this is a contradictgince U

# X.

Definition 6.5: X is spg-symmetric if for x and y in X, X
O spgcl{y} implies yO spgcl{x}.

Theorem 6.6: X is spg-symmetric iff {x} is spgg-closed
for each X1 X.

Proof: Assume that Xspgcl{y} but ylispgcKx}. This
means that [spgcl{xf] contains y. This implies that
spgcly}d [spgcl{x}]®. Now [spgcl{x}]° contains X
which is a contradiction.

Conversely, suppose that {X} EOSPGO(X) but
spgc{x}JE. This means that spgcl{x} and®E&re not
disjoint. Let y belongs to their intersection. Nowe have
xOspgcl{y}JE® and X1 E. But this is a contradiction.

Corollary 6.3: If X is a spg, then it is spg-symmetric.
Proof: In a spg space, singleton sets are spg-closed
(Theorem 2.2(ii)) and therefore spg-closed (RenaBl.

By Theorem 6.6, the space is spg-symmetric.

Corollary 6.4: The following are equivalent:

(i) X is spg-symmetric and spg

(i) X is spa.

Proof: By Corollary 6.3 and Remark 6.1 it suffices to
prove only (i)= (ii). Let x # y and by spg we may
assume that XG,{y} ¢ for some GOSPGO(X).Then
xOspgcl{y} and hence bspgcl{x}. There exists a
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G,00SPGO(X) such that yG, O{x} ¢ and X is a spg
space.

Theorem 6.7: For a spg-symmetric space X the
following are equivalent:

(i) X is spg; (ii) X is spg-Dy; (iii) X is spg.

Proof: (i) = (iii) Corollary 6.4 andiii) = (ii) = (i)
Remark 6.1.

Theorem 6.8: If f: X Y is a spg-irresolute surjective
function and E is a spgD-set in Y, then the invensage

of E is a spgD-set in X.

Proof: Let E be a spgD-set in Y. Then there are spg-open
sets Yand Y in Y suchthat E=U-U,and U #Y.

By the spg-irresoluteness &ff *(U,) andf *(U,) are
spg-open in X. Since U # Y, we havef (U # X
Hencef Y(E) =f %(U,)-f }(U,) is a spg-D-set.

Theorem 6.9: If Y is spg-D andf: X - Y is spg-
irresolute and bijective, then X is spg-D

Proof: Suppose that Y is a spgrBpace. Let x and y be
any pair of distinct points in X. Sindds injective and Y
is spg-0, there exist spg-D-sets ,Gand G of Y
containingf(X) andf(y) respectively, such thédty) 0OG,
andf(X) O G. By Theorem 6.8f {(G,) andf (G) are
spg-D-sets in X containing x and y, respectiveljisT
implies that X is a spg-Dspace.

Theorem 6.10: X is spg-0 iff for each pair of distinct
points x, y in X there exist a spg-irresolute schije
functionf: X Y, where Y is a spg-Dspace such that
f(x) andf(y) are distinct.

Proof: Necessity. For every % yI X, it suffices to take
the identity function on X.

Sufficiency. Let x and y be any pair of distinctiqts in
X. By hypothesis, there exists a spg-irresolutejestive
functionf of a space X onto a spgrBpace Y such that
f(x) # f(y). Therefore, there exist disjoint spg-D-sets G
G,0 Y such thatf(x)OG, and f(y)OG. Sincef is spg-
irresolute and surjective, by Theorem &.8(G,) andf
%G) are disjoint spg-D-sets in X containing x and y
respectively. Therefore X is spgrBpace.

Corollary 6.5: Let {X,/aO I} be any family of
topological spaces. If Xis spg-0Q for eachalll, then the
product X, is spg-0.

Proof: Let (X,) and (y) be any pair of distinct points in
MX,. Then there exists an indgdl s.t. x # yg. The
natural projection f MNX, - Xg is almost continuous and
almost open andgR(X4)) = Ps((Ya)). Since X is spg-D,
MXq is spg-0.
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